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The non-ﬁniteness of the mod-p Schur multiplier of a ﬁnitely
generated group G with trivial center implies the existence of
uncountably many non-residually ﬁnite, non-isomorphic central
extension groups with kernel Cp (see Thm. A). This phenomenon
is related to the comparison of the cohomology of the proﬁnite
completion Gˆ of a group G and the cohomology of the group G
itself (see Thm. B); according to J-P. Serre [8] a group G is good if
the cohomologies of Gˆ and G are naturally isomorphic on ﬁnite
coeﬃcients. It is shown that non-uniform arithmetic lattices of
algebraic rank 1 groups over local ﬁelds of positive characteristic
p are not good (see Thm. C).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
For a group G and a prime number p the abelian group H2(G,Fp) is also called the mod-p Schur
multiplier. This group is related to the property of being ﬁnitely presented in a straight forward way,
i.e., if G is ﬁnitely generated and H2(G,Fp) is inﬁnite, then G is not ﬁnitely presented and has inﬁnite
Schur multiplier H2(G,Z). In [3], R. Grigorchuk proved that the so-called ﬁrst Grigorchuk group G1
has inﬁnite mod-2 Schur multiplier showing that it is also not ﬁnitely presented. A. Erschler (see [2])
used this result for constructing uncountably many non-isomorphic, non-residually ﬁnite, central ex-
tension groups of G1 with kernel C2 = Z/2Z. Our ﬁrst theorem shows that this result holds for any
ﬁnitely generated group with trivial center and inﬁnite mod-p Schur multiplier (see Thm. 2.4).
Theorem A. Let G be a ﬁnitely generated group with trivial center, i.e., Z(G) = 1. Then the following are
equivalent.
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(ii) There exist uncountably many central extensions
1−→ Cp −→ X −→ G −→ 1 (1.1)
up to equivalence or weak equivalence.
(iii) There exist uncountably many non-residually ﬁnite, non-isomorphic extension groups X of G with ker-
nel Cp .
Our second target is to study goodness, an important cohomological property introduced by
J-P. Serre in [8, §I.2.6, Ex. (b)]. Here we call a group G with proﬁnite completion iG :G → Gˆ p-good, if
for every ﬁnite left Gˆ-module M of p-power order the natural maps
ikG(M) : H
k(Gˆ,M) −→ Hk(G,M) (1.2)
are isomorphisms for all k  0, i.e., G is good if, and only if, G is p-good for all prime numbers p.
Our second theorem shows a quite astonishing fact: Finitely generated p-good groups must satisfy a
strong cohomological ﬁniteness condition (see Thm. 2.5).
Theorem B. Let G be a ﬁnitely generated p-good group. Then for every ﬁnite left G-module M of p-power
order and all k 0 the group Hk(G,M) is ﬁnite.
As was observed in [4] the congruence subgroup property for an arithmetic group implies the fail-
ure of goodness, and the goodness was conjectured for arithmetic subgroups of SL2(C) that fail to
have the congruence subgroup property. In Remark 5.3 of [4] the authors mentioned that for arith-
metic groups over a ﬁeld of positive characteristic further investigation would be necessary. Our ﬁnal
result shows that indeed the failure of the congruence subgroup property for such arithmetic groups
does not necessarily imply goodness (see Thm. 3.4).
Theorem C. Let k be a global ﬁeld of positive characteristic p, and let kv be the completion of k with respect
to v, where v is a non-archimedean place of k. Let G be a connected, simply-connected algebraic group deﬁned
over k which is absolutely almost simple of kv -rank 1. Let G = G(kv), and let Γ be a non-uniform arithmetic
lattice in G. Then Γ is not good.
Note that cocompact lattices Γ ⊆ G = G(Kv ) of algebraic groups of this type are virtually free and
therefore good.
2. Cohomology and ﬁnitely generated groups
2.1. Group extensions and extension groups
A short exact sequence of groups
s : 1 C X G 1 (2.1)
is called a group extension of G with kernel C . In order to avoid confusion we call the group X itself
an extension group of G with kernel C . If C ⊆ Z(X), then (2.1) is a central extension of G with kernel C ,
and X is a central extension group of G with kernel C . On the class of short exact sequences (2.1)
one has two equivalence relations. More precisely, two group extensions s : 1 → C → X → G → 1 and
t : 1 → C → Y → G → 1 are called weakly equivalent—or for short s ≈ t—if there exist isomorphisms
α :C → C , β : X → Y and γ :G → G making the diagram







1 C Y G 1
(2.2)
commute. The group extensions s and t are called equivalent—or for short s ∼ t—if there exists an
isomorphism β : X → Y such that (2.2) commutes for (idC , β, idG). Thus s ∼ t implies s ≈ t, and
s ≈ t implies X  Y . In particular, if C is abelian one has a canonical one-to-one correspondence
between the set of equivalence classes of short exact sequences (2.1) and the set H2(G,C) (see [1,
§IV, Thm. 3.12]). If C is abelian with trivial G-action the set of equivalence classes of short exact se-
quences (2.1) carries a left (Aut(C) × Aut(G))-action, i.e., if s : 1 → C η→ X ξ→ G → 1 and α ∈ Aut(C),
γ ∈ Aut(G), then (α,γ ).s : 1 → C η◦α
−1
−→ X γ ◦ξ−→ G → 1. In particular, one has a canonical one-to-one
correspondence between the set of weak equivalence classes of short exact sequences (2.1) and the
set of (Aut(C) × Aut(G))-orbits on H2(G,C). We will make use of the following property.
Proposition 2.1. Let G be a group with trivial center, and let C be an abelian group. Then there exists a canoni-
cal one-to-one correspondence between the set of isomorphism classes of central extension groups X of G with
kernel C , and the set of (Aut(C) × Aut(G))-orbits on H2(G,C).
Proof. Let s : 1 → C i→ X → G → 1 and t : 1 → C j→ Y → G → 1 be central extensions of G with
kernel C . It suﬃces to prove that X  Y implies s≈ t. By hypothesis, Z(X) = im(i) and Z(Y ) = im( j).
Let β : X → Y be an isomorphism of groups. Then β induces an isomorphism β|Z(X) : Z(X) → Z(Y ).













commute. Thus taking the induced map γ :G → G yields the claim. 
2.2. Homology and cohomology
For our purposes the following fact will turn out to be quite important.
Lemma 2.2. Let G be a group, let p be a prime number and let k 1. Then the following are equivalent:
(i) Hk(G,Fp) is inﬁnite.
(ii) Hk(G,Fp) is inﬁnite.
(iii) Hk(G,Fp) is uncountable.
Proof. By the universal coeﬃcient theorem, Hk(G,Fp)  HomFp (Hk(G,Fp),Fp). Thus (i) and (ii) are
obviously equivalent. Since dim(HomFp (V ,Fp),Fp) = 2dim(V ) for every inﬁnite-dimensional Fp-vector
space, (ii) and (iii) are equivalent. This yields the claim. 
2.3. Residually ﬁnite extensions
Let G be a group. We denote by rf(G) the residual ﬁnite residue of G , i.e., rf(G) is the characteristic
subgroup of G which coincides with the intersection of all normal subgroups of ﬁnite index in G .
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module. Let H2(G/ rf(G),M)rf ⊆ H2(G/ rf(G),M) denote the set of all 2-cocycles ξ for which in the
associated short exact sequence sξ : 1 → M → E → G/ rf(G) → 1 the group E is residually ﬁnite. The
elements in the image of i2G(M) : H
2(Gˆ,M) → H2(G,M) can be characterized as follows:













Proof. An element ξ ∈ H2(G,M) is contained in the image of i2G(M) if, and only if, the associated
short exact sequence sξ : 1 → M → E → G → 1 can be completed to a commutative diagram of groups


















is a short exact sequence of proﬁnite groups, and E˜ = im( j), i.e., i˜ and j˜ are surjec-
tive, and iˆ and jˆ are surjective. In particular, E˜ is residually ﬁnite. This shows that im(i2G(M)) ⊆
infGG/ rf(G)(H
2(G/ rf(G),M)rf). If ξ = infGG/ rf(G)(ξ˜ ) and E˜ is residually ﬁnite, one can complete the part
of the diagram (2.5) consisting of the ﬁrst two rows to the full diagram by deﬁning jˆ : E˜ → Eˆ to be
the proﬁnite completion. This yields the claim. 
2.4. Central extensions and the mod-p Schur multiplier
Lemma 2.2 has the following consequences for k = 2.
Theorem 2.4. Let G be a group, and let p be a prime number.
(a) The following are equivalent:
(i) H2(G,Fp) is inﬁnite.
(ii) There exist uncountably many central extensions
1−→ Cp −→ E −→ G −→ 1 (2.6)
up to equivalence.
(b) If G is ﬁnitely generated then (i) is also equivalent to:
(iii) There exist uncountably many central extensions (2.6) up to weak equivalence.
(c) If G is ﬁnitely generated with trivial center, then (i) is also equivalent to:
(iv) There exist uncountably many non-residually ﬁnite, non-isomorphic extension groups E of G with
kernel Cp .
Proof. (a) is a direct consequence of Lemma 2.2 and our previous discussion (see Section 2.1).
(b) It sufﬁces to show that (i) implies (iii). The set of weak equivalence classes of central extensions of
G with kernel Cp is in one-to-one correspondence to the set of orbits of Aut(G) × F∗p on H2(G,Fp).
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Aut(G) \ H2(G,Fp)/F∗p has uncountable cardinality.
(c) It suﬃces to show that the set of isomorphism types of central extension groups E of G
with kernel Cp and with E non-residually ﬁnite has uncountable cardinality. Suppose G is resid-
ually ﬁnite, and let iG :G → Gˆ denote the proﬁnite completion of G . By [8, §I.2.6, Ex. 1(b)],
i2G : H
2(Gˆ,Fp) → H2(G,Fp) is injective. As G is ﬁnitely generated, Gˆ is second countable (cf. [7,
Prop. 2.5.1]). Hence H2(Gˆ,Fp) is the countable direct limit of ﬁnite-dimensional Fp-vector spaces








From Proposition 2.1 one concludes that in the case that G is residually ﬁnite the set of isomorphism
classes of non-residually ﬁnite, non-isomorphic extension groups E of G with kernel Cp is in one-to-
one correspondence to the set of (Aut(G) × F∗p)-orbits on H2(G,Fp) \ im(i2G). Thus in this case the
claim follows from (2.7) and the same argument which was used in (b).
In case that G is not residually ﬁnite Proposition 2.1 shows that the set of isomorphism types
of central extension groups E of G with kernel Cp is in one-to-one correspondence to the set of
(Aut(G)×F∗p)-orbits on H2(G,Fp) which is of uncountable cardinality, since H2(G,Fp) is of uncount-
able cardinality and Aut(G) is countable. In this case all these groups are non-residually ﬁnite. 
2.5. Finitely generated p-good groups
Although Lemma 2.2 does not look very spectacular it has also the following astonishing conse-
quence.
Theorem 2.5. Let p be a prime number, let G be a ﬁnitely generated group, and let iG :G → Gˆ denote the
proﬁnite completion of G. Suppose that for k  0 the map ikG(M) : Hk(Gˆ,M) → Hk(G,M) is an isomorphism
for all ﬁnite left G-modules M of p-power order. Then |Hk(G,M)| < ∞.
Proof. Assume the conclusion is false, and let M be a ﬁnite left G-module of p-power order M such







Hk(G,M) is of uncountable cardinality. However, as G is ﬁnitely generated, its proﬁnite completion
Gˆ is second countable. Hence Hk(Gˆ,M) is the countable direct limit of ﬁnite-dimensional Fp-vector
spaces and thus countable. In particular, ikG(M) : H
k(Gˆ,M) → Hk(G,M) cannot be an isomorphism,
a contradiction, and this yields the claim. 
As a consequence one has:
Corollary 2.6. Let G be a ﬁnitely generated p-good group. Then |Hk(G,M)| < ∞ for all ﬁnite left G-modules
M of p-power order.
3. Nilpotent groups of class at most 2
The main purpose of this section is to show that certain inﬁnitely generated nilpotent groups of
class 2 are not good (see Thm. 3.3). In the ﬁnal subsection we will apply this result in order to prove
that certain arithmetic lattices in positive characteristic are not good (see Thm. 3.4). The exposition
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was slightly more general required more techniques from the theory of proﬁnite sets.
3.1. Elementary abelian groups
For a prime number p let A = Fp[xi, y j | i, j ∈ N] be a countable, elementary abelian p-group, and
let i A : A → Aˆ denote its proﬁnite completion. Then the induced map i2A(Fp) : H2( Aˆ,Fp) → H2(A,Fp)
is injective. The group
E = 〈xi, yi, z, i ∈ N
∣∣ [xi, yi] = z, [z, xi] = [z, yi] = 1,
[xi, x j] = [yi, y j] = [xi, yk] = xpi = ypi = zp = 1, i, j,k ∈ N, i = k
〉
(3.1)
has the property that every non-trivial normal subgroup of E must contain z. In particular, E is not
residually ﬁnite. Let π : E → A denote the canonical projection, and let s : 1 → Fp σ→ E π→ A → 1,
σ(1) = z, denote the associated central extension. Then for the corresponding cohomology class ξ =
ξ(s) ∈ H2(A,Fp) one has ξ /∈ im(i2A(Fp)). From this one concludes:
Fact 3.1. Let A be a countable, elementary abelian p-group for some prime number p. Then i2A(Fp) :
H2( Aˆ,Fp) → H2(A,Fp) is not surjective.
3.2. Split extensions
For a discrete group which is a split extension one has the following.
Lemma 3.2. Let G = A  B be a group which is a split extension, and let M be a ﬁnite left Z[A]-module with
the following properties:
(i) A is residually ﬁnite;
(ii) i2A(M) : H
2( Aˆ,M) → H2(A,M) is not surjective.
Then i2G(M) : H
2(Gˆ,M) → H2(G,M) is not surjective.














where π (resp. πˆ ) denotes the canonical projection, and σ (resp. σˆ ) is a homomorphism of groups
(resp. proﬁnite groups) satisfying π ◦ σ = idA (resp. πˆ ◦ σˆ = id Aˆ ). In particular, as i A is injective, one
has rf(G) ⊆ ker(π) = B . Let π◦ :G/ rf(G) → A and σ◦ : A → G/ rf(G) denote the induced maps, i.e.,
π◦ ◦ σ◦ = idA .
Let ξ ∈ H2(A,M) \ im(i2A(M)), and let sξ : 1 → M → X → A → 1 denote the associated short exact
sequence of groups. Then X is not residually ﬁnite (see Lemma 2.3). Let η = infGA(ξ), and let sη : 1 →
M → Y → G → 1 denote the associated short exact sequence. One has a commutative diagram with
exact rows











sξ : 1 M X A 1
(3.3)
where Z = {y ∈ Y | tG(y) ∈ im(σ )} and χ is given by inclusion. As π ◦ σ = idA , the snake lemma
implies that ρ ◦χ is an isomorphism. Hence Z  X , and Z is not residually ﬁnite.













sη◦ : 1 M Y◦ G/ rf(G) 1
(3.4)
with Y◦ residually ﬁnite (see Lemma 2.3). As π◦ ◦ σ is injective, the snake lemma implies that γ ◦ χ
is injective. Hence Y◦ contains a non-residually ﬁnite subgroup isomorphic to Z , a contradiction, and
this yields the claim. 
From Lemma 3.2 one concludes the following.
Theorem 3.3. Let G be a nilpotent group of class at most 2, and let p be a prime number.
(a) Let p be odd, and assume that G is of exponent p containing an inﬁnite elementary abelian p-group A
intersecting [G,G] trivially. Then i2G(Fp) is not surjective.
(b) Let p = 2. Assume that G4[G,G]2[G,G,G] = 1, and that G contains an inﬁnite elementary abelian 2-
group A intersecting G2 trivially. Then i2G(F2) is not surjective.
Proof. (a) Note that G/[G,G] is of exponent p and thus isomorphic to an Fp-vector space. We may
assume that A is countable. Let B¯ ⊆ G/[G,G] be a complement to A.[G,G]/[G,G], and put B =
{g ∈ G | g.[G,G] ∈ B¯}. Then—as B contains [G,G]—B is normal, and by construction, A ∩ B = 1 and
A.B = G . Hence G = A  B is a split extension. By Fact 3.1, i2A(Fp) : H2( Aˆ,Fp) → H2(A,Fp) is not
surjective. Thus i2G(Fp) : H
2(Gˆ,Fp) → H2(G,Fp) is not surjective (see Lemma 3.2).
(b) The proof of (a) can be transferred verbatim replacing [G,G] by G2. 
3.3. Arithmetic lattices in rank 1 algebraic groups over local ﬁelds
The results of the previous subsection can be used to investigate goodness properties of arithmetic
lattices of rank 1 algebraic groups over local ﬁelds. Let k be a global ﬁeld, and let kv be the comple-
tion of k with respect to a non-archimedean place v of k. Let G be a connected, simply-connected
algebraic group deﬁned over k which is absolutely almost simple of kv -rank 1, and let Γ be an
arithmetic lattice in G = G(kv). Then G—and hence also Γ—acts on the associated Bruhat–Tits tree T
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ture of Γ in terms of the associated graph of groups Γ \\T . If Γ is cocompact, it is well known that
Γ \\T is ﬁnite, and so Γ is virtually free. In case that Γ is non-uniform, which only happens for
char(k) = p > 0, the situation is much more complicated. Here A. Lubotzky [5] has shown that the
quotient graph associated to Γ \\T is a ﬁnite graph with ﬁnitely many ends attached. From this de-
scription one concludes that Γ contains a subgroup of ﬁnite index—in fact a congruence subgroup
Γ (q)—which is a free product of a ﬁnitely generated free group with ﬁnitely many subgroups Θ j .
By [6, Lemma 3.4(i)], every Θ j is a subgroup of ﬁnite index in the group of the O-integral points
U j = U j(O) of the unipotent radical of a minimal parabolic subgroup P of G. Here O =O{v} denotes
the ring of {v}-integers of k. In particular, Γ is good if, and only if, U j is good for all j.
In [6, §4] the unipotent radicals of all minimal parabolics P of G were determined. More
precisely, either U j is inﬁnite and elementary abelian, or it can be realized as an upper unitri-
angular 3-by-3 block matrix group over some skew ﬁeld D . Hence U j is of exponent p for p
odd, or U4j [U j,U j]2[U j,U j,U j] = 1 for p = 2. The skew ﬁeld D comes equipped with an anti-
automorphism σ . It is straight forward to verify that the intersection of U j with the subgroup of
elements ﬁxed by σ contains an inﬁnite elementary abelian p-subgroup A j satisfying the hypothesis
of Theorem 3.3. Hence by Theorem 3.3, the subgroups U j are not good. This shows the following:
Theorem 3.4. Let k be a global ﬁeld of positive characteristic, and let kv be the completion of k with respect
to a non-archimedean place v of k. Let G be a connected, simply-connected algebraic group over k, which is
absolutely almost simple of kv -rank 1. Let G = G(kv ) and Γ be a non-uniform arithmetic lattice in G. Then Γ
is not good.
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